We consider, for a given complex parameter a,
Introduction
This work is inspired by a recent renewal of interest in the free Lie algebra (see [R, G] ). The papers [BS, Su] , consider Sn-submodules generated by a specified sequence of bracketings. In this paper we consider a deformation of the free Lie algebra, defined for a complex parameter a, by setting the bracket of x and y to be [x, y] = xy -ayx . Let Ja denote the complex vector space spanned by all possible bracketings on some set of generators {x¡} ; it is then a free nonassociative algebra with this bracket, on the generators {x,}. Note that Jx is simply the free Lie algebra, while /_ > is a free Jordan algebra. Suppose Ja is freely generated by n generators X\, ..., xn. This paper studies the subspace spanned by multilinear left-normed bracketings of homogeneous degree n, corresponding to permutations of the generators X\,... ,xn. In the terminology of Garsia [G] , this is the subspace generated by bracketings corresponding to the left comb L" , and may be explicitly defined as the span V"(a) of all bracketings of the form [... [[*",,) , xa(2)], xa{3)],...], xa(H-X)], xa(n)], where o runs through all permutations in the symmetric group Sn. There is an obvious left action of Sn on Vn(a).
The subspace V"(-\) of the free Jordan algebra on n generators has already been considered in the work of David Robbins [Ro] , who calls the elements of Vn(-l) simple Jordan elements.1 Our result on the structure of Vn(a) (Theorem 2.1) generalises Robbins' main theorem, which states that a basis for the space of simple Jordan elements (as a subspace of the free associative algebra) is obtained by taking symmetrised products of basis elements of the odd-degree subspace of the free Lie algebra [Ro, Theorem 6, p. 365 ]. Robbins then deduces formulas for the dimension and Frobenius characteristic of J^(-l) as an ¿'"-module [Ro, §10] .
In §1, we use the observation that Vn(a) can be realised as a principal left ideal in the group algebra C Sn to compute the dimension of this representation, and in particular to show that these a-deformations of the Lie bracket yield interesting representations only at roots of unity (Proposition 1.1) . This fact suggests that there may be a connection with Hecke algebras at roots of unity, and therefore, by Schur-Weyl duality, with quantum groups.
The next section contains our main result describing the module Vn(a) as a direct sum of certain symmetrised Lie modules. The main tools used are an explicit basis of orthogonal idempotents for the group algebra found by Garsia and Reutenauer (see [GR] ), and various bases for the descent algebra of the symmetric group. Finally, in §3 we use these results to compute a generating function for the character values of the representations Vn(a). We show that, in the case a = -1, these characters are plethystic inverses of certain characters arising in the work of Calderbank, Hanlon, and Robinson [CHR] , on the top homology of the lattice of partitions of n into blocks of odd size.
1
We recall briefly some facts about the representation of Sn afforded by the free Lie algebra on n generators. Write Lie" for this representation. It is well known that Lie" can be realised in the group algebra of Sn as the principal left ideal generated by the Dynkin element 6n (see [J, G, Su] ). The element 6" is defined to be the expression ( 1 -y2)( 1 -y3) • • • ( 1 -yn), where y¡( 1) = i, y¡(j) = j -1 for j -2, ... , i, and y fixes all letters greater than /. For the sake of completeness we review some facts which are discussed more extensively in [G] . Recall Garsia's observation that in the free Lie algebra, a particular sequence of bracketings of n elements can be encoded by a labelled binary tree with n leaves, the encoding being defined inductively as follows:
• the binary tree on two leaves, with left child labelled x and right child labelled y, encodes the bracketing [x, y] = xy -yx;
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• let w(T) denote the bracketing encoded by a labelled tree T. If T is a binary tree with n leaves, with left subtree Ti and right subtree T2, then the bracketing encoded by T is defined recursively by w(T) = [w(Ti), w(T2)]. Consider now trees whose leaves are labelled consecutively from left to right with the labels 1,...,«.
We claim that the Dynkin element 6" is in fact the expansion of the bracketing encoded by a particular tree Ln (called the left comb in [G] ), equipped with this canonical labelling, in the group algebra of Sn . The left comb L2 is defined to be the unique binary tree on two leaves, while L" is defined recursively as the binary tree on n leaves whose left subtree is the left comb L"_< and whose right subtree is a single leaf. It is clear that the expansion of the bracketing w(Ln) of the left comb in the group algebra of S" satisfies the identity w(Ln) = io(L"_.)(l -y"), where y" is the «-cycle defined in the preceding paragraph. From the definition of the Dynkin element, it follows immediately that w(Ln) = 6" . The fact that this generates the entire free Lie algebra is now a simple consequence of the Jacobi identity, which, recast in terms of trees, shows that any bracketing can be written as a linear combination of suitably labelled left combs. (For a more precise statement see [Su, Proposition 2.1] .)
This encoding obviously extends to our generalised bracketings, and it is clear that the representation V"(a) in which we are interested may also be realised as a principal left ideal whose generator nn(a) is the one obtained as follows: expand the a-bracketing associated with the left comb labelled with 1,2,...,« from left to right. Thus one has
the y i being defined as above. (In particular, n"(l) = 6n.) Recall that the descent set of a permutation o in S" is defined to be {/' : o(i) > o(i + 1 ), 1 < i < n -1}. For any subset Sof{l,...,w-l}, following [G] we denote by D=s the sum in the group algebra of the permutations in S" whose descent set equals S, with the convention that D0 = 1. Let D=r. kx denote the sum (in the group algebra) of all the permutations in Sn whose descent set equals the set {1, 2, ..., k} , for k = \,...,« -1. Then it is easy to see that
That is, the generator n"(a) is in fact in the descent algebra of the symmetric group. This remark will be crucial in the next section.
In the rest of this section we derive some preliminary results about the representation V"(a). Our first easy observation is the following. Proposition 1.1. If a is not an ith root of unity, for I < i < n, the S "-module Vn(a) is isomorphic to the regular representation.
Proof. For each i = 1,...,«, we have ( 1 -ayi)(Y,k~Jo ak7ik) = 1 -«'. Hence, under the hypothesis, each factor in the product expression for n"(a) is invertible in the group algebra, and consequently so is n"(a). The result follows. O For the remainder of this section we shall assume that a is a pfh root of unity for some p . The argument of Proposition 1.1 in fact gives the following stronger result: Proposition 1.2. Let n be an integer which is not a multiple of p. Then V"(a) is isomorphic to the induced module J/"_i(a)lJ" .
Proof. One has the following relation between the generators in the group algebra of S" :
nn(a) = ?/"_i(a)(l -ayn).
Since n is not a multiple of p, the factor (1 -ayn) is invertible in the group algebra C S", and consequently it follows that the canonical projection from the left ideal generated by nn_i(a) onto the left ideal generated by r]n(a) is an isomorphism. □ It follows that if a is a pth root of unity, then for i = I, ..., p -I the dimension of Vkp+i(a) is (kp + i)(kp + i -1) • • • (kp + 1) times the dimension of Vkp(a). The next result will determine these dimensions completely. Proposition 1.3. The restriction of Vkp(a) to Skp^i is isomorphic to the induced module Vkp_i(a) lskp_2î5*'-1 . In particular the dimension of Vkp(a) is (*P)!lfi.iVProof. We shall need some classical properties of the Dynkin element 6" which generates a left ideal isomorphic to the representation of Sn on the free Lie algebra.
A result of Garsia [G, Theorem 2.1 (hi)] states that
for any subset S of {I, ..., n -1}.
This allows us to compute (using the remarks at the beginning of this section)
the last equality being a consequence of the fact that a is a pth root of unity. The idea of the proof is the same as the one used in [Su, Theorem 4.10] . It is convenient to think of the space Vkp(a) as the span of bracketings a(Lkp) obtained by applying permutations a to the left comb Lkp, that is, as left combs with kp leaves which are labelled tr(l), ..., o(kp) from left to right. (Note that the expansion of o(Lkp) coincides with the product o nkp(a).) Let W denote the subspace spanned by the labelled left combs t(Lkp), where t ranges over all permutations such that r(kp) = kp . Let G = S{2,...,kp} denote the subgroup of Skp which fixes T; let H be the subgroup of G which fixes ' kp '. We consider the action of G on the left ideal V = C rjkp(a) and on W . Observe that (i) there is an obvious Skp-i-isomorphism between W and Vkp_i(a); (ii) V = ©ff2(/, kp) W . It is easy to see that the sum on the right is indeed direct: since W must contain a basis consisting of left combs Lkp labelled by permutations o which fix kp, any element x of (i,kp)W is distinguished by the fact that, in the expansion of x (or in fact in the expansion of (i ,kp)o(Lkp)) all permutations beginning with kp must end in i. The equality of spaces follows by examining the identity 6kp nkp(a) = 0. Rewriting this as a linear combination of permutations applied to the left comb Lkp, we have an identity of the form £(±l)<7(Ljtp) = 0» where the sum ranges over all permutations a appearing in the expansion of 6kp . Now observe that 0n always contains a unique permutation t such that t(«) = 1. It therefore follows that V ç J2i=2ii > kp)JV. Since the reverse inclusion is clear, we have V = @kp=2(i,kp)W. '
(iii) The subgroup of G which leaves W invariant is H. Hence the group G transitively permutes the spaces (i,kp)W, for i = 2,...,kp, among themselves, so clearly we have, as representations of G, that V is isomorphic to W \% . The result follows. D Using Garsia's identity also gives the following Proposition 1.4. Suppose a is a pth root of unity, and « an integer such that p does not divide n . Then 6n £ CS"nn(a).
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The main theorem of this section, Theorem 2.1, establishes the structure of the modules Vn(a) as a sum of symmetrised Lie modules.
For each The induced modules Vx first appear in a paper of Thrall [T] , who essentially showed that the regular representation of S" decomposes as a direct sum of the modules 0Ah;. Vk , where the sum runs over all partitions of « . (Viewed in terms of the general linear group GL(V), this gives a decomposition of the tensor space V8"1 which is simply a GL(F)-equivariant reformulation of the Poincaré-Birkhoff-Witt theorem for the free Lie algebra.)
Theorem 2.1. Assume a ^ 1. The module Vn(a) is isomorphic to the direct sum of those Vx for which Wx(a) is nonzero. In particular, V"(a) is the regular representation unless a is a pth root of unity for some p < «. If a isa primitive pth root of unity, Vn(a) is isomorphic to the direct sum 0Ah" . x^o(p) ^ •
The proof of Theorem 2.1 is based on recent work of Garsia and Reutenauer [GR] . To describe their results, we first define a composition p of «, written p \= «, to be a sequence of positive integers p = (pi, ..., p¡) whose sum is n . The descent set of a permutation o £ Sn was defined in the preceding section. Recall that we wrote D=s for the sum of all permutations in Sn with descent set 5. Let Z" denote the linear span of the D=s . A theorem of Solomon [So] asserts that X" is closed under multiplication in the group algebra, hence is a subalgebra of CS" of dimension 2"_1 . In their paper, Garsia and Reutenauer construct some remarkable bases for the descent algebra L". Following the notation in [GR] , given a composition p = (px, ..., p¡_x) (= «, we write S(p) for the subset of{l,2,...,«-l} defined by S(p) = {/?•, pi +p2, ..., pi +p2 + -\-Pi-,} . The map p ■-» S(p) is clearly a bijection between compositions of « and subsets of {1,...,«-1} . Also the largest part of S(p) is M (p) = n-p¡. The following partial order on the set of compositions of « is defined in [GR] : Let p = (Pi, ■ ■ ■, Pi) and (qi, ..., qm) be two compositions of « . We say p is a refinement of q, written p oc q, if there are integers 0 < ai < a2 < •■• <am = l such that q\ =P\ +---+Pat ,
Two bases of the descent algebra, indexed by compositions of «, are now defined in [GR] as follows: BP = DÇS{P), Í, = E^V Note that by triangularity the second equation uniquely determines the basis of Vs.
We now state one of the key results of [GR] . Theorem 2.2 [GR, Theorems 3.1, 4.4] . There exists a set {Ex}x\-n of pairwise orthogonal idempotents in the descent algebra E" which decompose the identity, and hence CS" -@x\-n C^nEx . These idempotents have the following properties:
(a) The left ideal CS"Ex generated by Ex is isomorphic to the S"-module Vx of Theorem 2.1, i.e., to
• (b) Choose an ordered basis for each left ideal C SnEx and a total ordering of the partitions of n which extends reverse lexicographic order. One now has a basis for the group algebra with respect to which the matrix for right multiplication by Iq is block upper triangular (the blocks correspond to the subspaces CSnEx) with diagonal block s(A(q))I, where I is the identity matrix for the block corresponding to CS"EA^).
The next corollary follows immediately. Corollary 2.3. Let z £ Z", z = X!^ aqh ■ Let Rz denote the matrix for right multiplication by z in the group algebra. Then Rz is semisimple. Let y/x = s(A) 2Zq\=" : \(g)=x aq • Then for each eigenvalue y of Rz, the eigenspace of Rz corresponding to y, as a left S"-module, is isomorphic to J2x\-n »=y^x-Proof of Theorem 2.1. We observed in §1 that nn(a) £ X" . We apply Corollary 2.3 to the element z = ( 1 -a)nn(a). We are going to show that the eigenvalues of Rz are given by The outer summation in (2) is over sequences p = (pi, ..., p¡) which are a reordering of the parts of A. Clearly, there are /!/s(A) such reorderings. We shall rewrite the outer summation as a sum over all /! reorderings p = (P\, ■■■, Pi) of the parts of À. Note that each p = (px, ..., p,) uniquely determines a composition p = (pi, ..., p¡) ; simply erase the superscript in p¡ to get pi. Write U(p) for the composition p determined by the rearrangement P.
Next consider the inner summation on the left-hand side of (2) corresponding to a fixed composition p = (px, ..., p¡) (which is of course a rearrangement of A). Each q in the inner sum satisfies p oc q, and therefore corresponds to an ordered collection of disjoint subsets (A\, ..., Am) of the form The following facts are then clear.
and hence 2. for fixed p,
Consequently the identity (2) is equivalent to w e e y^(^(e)-«B)=n(i-«Ai),
where the sum on the left ranges over all reorderings p of À.
Interchanging the order of summation on the left, we have
«> e e(^Ln))(-i)/(ô)-l(«M(e)-«")=n(i-^),
where the Q range over all ordered partitions of the set of parts in A. But for a fixed ordered partition Q = (Ax, ..., Am), it is clear that the number of reorderings p of À such that p oc Q is TJ(. |yi,-|!. By definition of F(p, Q), it follows that the inner sum evaluates to 1. Hence proving (4) reduces to showing that
Let us first show that the coefficients of a" on each side of (5) Now consider the other coefficients a', for 0 < i < n -I. Letting Ca, denote the coefficient of a', we need to show that (6) C( A e i-i)m-i^A=ca!({i(i-c/>)), the sum on the left ranging over all ordered partitions of À, as usual.
Let J7 be a nonempty subset of À. We can think of J7 as indexing the term F[x ¿^ (-a)ki in the right side of (6). Note that this term comes from taking parts of À which are in the complement of ./# .
It is therefore enough to show that (This is because M(Q) equals « minus the sum of the parts in Am = J(, and the parts of À add up to «.) Thus the left side of (7) is a scalar multiple of the same monomial as the right-hand side. Next note that each Q in the sum consists simply of an ordered partition (Ax, ..., Am_x) of the complement of JÍ in À, followed by J£. Hence (7) reduces to the identity One also has the following two identities:
« (see [M] )
where pt(xx, x2 ,...) = x[ + xl2 + ■■ ■ is the z'th power sum symmetric function. This is simply a standard fact about the cycle indicator of the trivial representation of the symmetric group. Note that «n = Po -1 •
(ii) (See [B]) 'n = \ E Md)pf(Xl,X2,...),
n=0(d)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where p¿ is the (dth) power sum, as before. This is a theorem of Brandt, generalising Witt's dimension formula (see [J] ) for the «th-degree subspace of the free Lie algebra. Using these two formulas and simplifying, we have Theorem 3.1. Let a be a primitive qth root of unity, q ^ 1. Then
We can now deduce the next corollary.
Corollary 3.2. Let q be a prime and a a primitive qth root of unity. Then
:>o (i-ao1"*
In particular, for every o in Sn, the character of o acting on CSnnn(a) is zero unless every cycle length of o is a power of the prime q.
Proof. Substituting « = dr in the formula of Theorem 3.1, and observing that since q is prime, q does not divide n = dr iff q does not divide either of d or r, one has Substituting in (B) now gives the desired expression. D
Note that if q is not prime, one cannot obtain an expression as simple as (B) . For »7 = 4, direct computation yields the following generating function. Example 3.3. (a is a primitive fourth root of unity.) One can check that E^-wi-^n
We end this section with a calculation for the case when a is a square root of unity (the case of the free Jordan algebra). A curious plethystic relation exists between the representations V"(-l) and certain characters of the symmetric group discovered in [CHR] , in connection with the partition lattice n" . It is well known that the character of the symmetric group Sn acting on the top homology of the Cohen-Macaulay lattice Fln is the same as the Lie representation Lie" tensored with the sign. Let Flxn denote the subposet of the partition lattice n" (of an «-element set) consisting of those partitions all of whose blocks are odd. The work of Björner shows that the poset Flxn is Cohen-Macaulay. In [CHR] , the authors compute generating functions for the character ß" of the symmetric group Sn on the nonvanishing top homology of the poset Flxn . The following generating functions completely determine these character values. We continue to denote characteristic by ch. 
In view of the induction-restriction property also shared by the Vn(-l), it is not unreasonable to expect that there is some connection with the ßn . In fact, we have Proposition 3.5. Let a be a primitive square root of unity. Then the sum of the characters of the representation Vn(-l), for « odd, is the plethystic inverse of the alternating sum of the ß2m restricted to S2m-\ ■ That is, Ech(«2n+i(-l)) «>0 5>ir m>0 _d_ dp, ch(ß2m) P\ Proof. We remind the reader that restricting a character x from Sn to S"-X is equivalent to taking the first partial derivative of ch(^) with respect to the power sum pi, while inducing from Sn to Sn+i corresponds to multiplying by pi. Using the identity (A) for the case a = -1 (p = 2) and comparing parity of degrees, we obtain for i = 0, 1,
E ch(^(-i))= e h» n=i (2) n=i ( 
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In conclusion, we present two sets of tables, one for the character values for the V"(a), and the other for the multiplicities of its decomposition into ¿""-irreducibles.
Each of Tables 1-7 corresponds to a particular value of « and contains character values of the representation CS"nn(a), as a ranges from 1 to the «th root of unity. Recall that, by Proposition 1.1, for fixed «, once a is a pth root of unity for p > «, V"(a) stabilises to the regular representation of Sn . The rows of the table are indexed by the conjugacy classes xxmxx2mi ■ ■ • x;m' • • • , indicating the class with m¡ cycles of length i.
Note in particular the zero values in the column headed ap = 1, as predicted by Corollary 3.2, when p is prime and the cycle lengths are not powers of p . Also, by Proposition 1.2, if an ^ 1, one computes that the character value Xn,ai<*) on a permutation a of cycle type lmip is equal to the number of fixed points mx of a times the value Xn-\,aia') m the preceding table, where a' is the permutation in Sn-X of cycle type lm,~xp. Tables 8-14 1, 1.) One notes that for « > 3 and a equal to a pth root of unity, the trivial representation (n) appears in Vn(a) for all p > 2, while the sign representation (1") appears for all p > 3. We can prove this directly, as well as the fact that Vn(e2n'ln) is isomorphic to the complement of the Lie representation 1^,(1) in the group algebra. (So the first and last columns in the tables add up to the regular representation.) Table 1 . Character values, « = 2 : class a = 1 a2 = 1 x\ 1 1 x2 -1 1 Table 2 . Character values, n = 3 : License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Table 6 . Character values, « = 7 : Table 7 . Character values, n = 8 : Table 9 . Decomposition into irreducibles, « = 3 irrep a = 1 a2 = 1 a3 = 1 (3) 0 1 1 (2 1) 1 1 1 (l3) 0 0 1 Table 10 . Decomposition into irreducibles, « = 4 :
irrep a = 1 a2 = 1 a3 = 1 a4 = 1 (4) (31) Table 13 . Decomposition into irreducibles, « = 7 : irrep a = 1 a2 = 1 a3 = 1 a4 = 1 a5 = 1 a6 = 1 a1 = 1
